In this paper we present a result on the growth of the factorial function. Suitable application is provided to supplement the proven results. At the end, we have posted an open question so that further study can be made.
Introduction and Background
Stirling gave an approximation to factorials which has proved to be good formula as it is able to provide accurate results even for small values of n, which is as under: Definition 1. The approximation formula for the Γ function known as Stirling formula which is given by Γ(n + 1) = n! ∼ n n e −n √ 2πn, where e is the Euler Number.
It is useful for approximation of functions involving factorials, gamma functions etc. Various researchers have given differnt proof and applications for the Stirling formula (see [2] [3] [4] [5] . The growth rate of various types of functions have been studied but not much work seems to have been undertaken with regard to analysing the rate of growth of factorial functions.
Let f (x) and g(x) be two real valued functions such that the rate of growth of f (x) towards infinity is more than that of g(x). In other words, f (x) is faster than g(x). This happens if and only if lim x→∞ g(x) f (x) = 0. In our present work, we make use of the stirling formula to analyze the rate of growth of functions involving factorials.
2 Main Result Theorem 1. Let a i , m i ; 1 ≤ i ≤ r and b j , e j ; 1 ≤ j ≤ t be positive real numbers. Consider the functions f (n) and g(n), where
Proof. We will use Stirling formula [1] : n! ∼ n n e −n √ 2πn as n → ∞. Now, 
converges. In particular we have lim n→∞ f (n) g(n) = 0. This proves cases (1) and (2).
Now,let us suppose that r 1 = r 2 .Here five different situation arises. We ex-amine each of the cases to examine the growth of the functions for each of them.
Theorem 2. Let a i , m i ; 1 ≤ i ≤ r and b j , e j ; 1 ≤ j ≤ t be positive real numbers. Consider the functions f (n) and g(n), where
... b btet t and e 1 + e 2 + ...
... b Then the following functions are in strict ascending order of speed:
Proof.
1. That f 1 (n) is slower than f 2 (n) follows directly from case (3) of the above theorem. Here, a 1 = e 1 = 1 and m 1 = b 1 = a 2. To prove that f 2 (n) is slower than f 3 (n) note that using Stirling formula we have: lim
By the root test we find that the series
converges. In particular
3. We now show thatf 3 (n) is slower than f 4 (n).Indeed,
We would like to mention that if a < 1 then (an)! is slower than (n!) a . Indeed this follows directly from case (1) of the above theorem, since then we have a a < 1. Here, a 1 = e 1 = a and m 1 = b 1 = 1. The following theorem strengthen the previous theorem under some condition. ... a armr r
In particular, if b and d are positive, then :
Here, e is the Euler number.
Proof. Case (1) : Suppose that a
... a armr r < (de) b , then by using Stirling Formula we have,
..., a armr r
and then, we find that the series
Case (2) : Suppose now If b d > e. using Stirling formula, we see that,
..., a armr r < 1.
Again by Root test we find that the series
In particular, lim n→∞ g(n) f (n) = 0, which completes the proof.
It must be noted that if a 
Applications to Calculus
In this section we give some examples:
This is because 3 + 4 > 5.
Example 2:
This is because 6 + 10 = 16 and 2 6 5 10 < 4 16 .
Example 3:
Let us find lim
. To do so, we must determine which of the functions involved is the faster. First note that ((4n)!)((3n)!) 2 is faster than both ((2n)!) 3 and (20n) 8n . This is because (2)(3) < 4 + (3)(2) and from Theorem 2 we see that (20n) 8n is slower than (9n)!, and 9 < 4 + (3)(2). Next, since 4 4 3 6 < 5 10 < 2 2 8 8 then Theorem 1 tells us that ((4n)!)((3n)!) 2 is slower than ((5n)!) 2 which in turn is slower than (2n)!(8n)!. Finally, since 2 2 8 8 < (3e) 10 then Theorem 3 tells us that (2n)!(8n)! is slower than (3n) 10n .
Therefor the limit is 0. = ∞.
We end this paper with the following open problem:
Open Problem:
Let f (n) and g(n) each be a finite product of powers of factorials of some polynomials. When exactly is f (n) slower than g(n)?
